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Compressible Plasma Flow over a Biased Body
C. H. Su*

Massachusetts Institute of Technology, Cambridge, Mass.

The flow field of a compressible plasma over a biased body is discussed with special emphasis
on the electrical characteristics. The governing equations in various asymptotic regions are
investigated. A stagnation-point probe theory, because of its great practical interest, is given
in detail. An analytic current-voltage characteristic for probe potential between the floating
and plasma potential is obtained for this case under the assumption of a very thin electrical
sheath.

I. Introduction

RECENTLY there has been a revival of interest in using
Langmuir probes as a measuring device in plasma.

However, the classical low-density theory cannot be applied
to high-density plasma flows, which are encountered in de-
vices' such as shock tubes and plasma arcs. Additional
interest in the probe problem arises from its relation to the
hypersonic aerodynamic problem, in which a plasma is gener-
ated behind the bow shock formed in front of a blunt body
flying at hypersonic speeds. In the probe problem one is
interested in the current-voltage characteristics, from which
one hopes to obtain some information regarding the proper-
ties of the plasma. In the blunt-body aerodynamic problem,
the main interest is in the distribution of charged particles
around the body and any change in the heat-transfer char-
acteristics which may occur due to the flux of charged par-
ticles to the body surface, which, in most practical situations, is
at the floating potential.

A continuum theory of electrostatic probes in a static
isothermal plasma was given by Su and Lam1 for negative
probe potentials above the floating potential and by Cohen2

for moderate probe potentials (between the plasma and float-
ing potential). In such analyses, the sheath was based on
the collision-dominated diffusion equation. The limit of
validity of such a description is obtained by requiring that
the electrical energy gained by a charged particle during
one free flight is much less than its thermal energy. It is
relatively easy to show that such a criterion implies \D ^>
I for a very negative probe, and (\D/rp)2/* ^> l/rp for a mod-
erately negative probe,1 where \D is the electron Debye
length based on the undisturbed charged particle density,
I is a typical mean free path between charged and neutral
particles, and rp is the probe radius.

These continuum concepts were later extended by Lam3 to
an incompressible, isothermal flow of a weakly ionized gas for
moderate surface potentials. Because of his assumptions
that the gas is weakly ionized, incompressible, and isothermal,
the diffusion of the charged particles to the solid surface is
decoupled from the mass motion of the neutral gas. The
existence of an electric field in the in viscid region was pointed
out in this work. Chung4 has tackled the Couette flow and
stagnation flow of weakly ionized gases numerically. The
sheath structure that he obtained checked qualitatively with
that given in Refs. 1 and 2. This is not surprising since in the
Couette flow there is no convective motion; the governing
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diffusion equation is identical to the static case, whereas in
the stagnation flow the sheath was assumed to be thin and
close to the solid surface, where convective motion is entirely
negligible. The analysis in the inviscid region was neglected
even though he noted that there was residual electric field
intensity at the outer edge of the viscous boundary layer.

Previous to the work just discussed, Talbot5 presented
a stagnation-probe analysis. The continuum equation was
used to describe the diffusion of mass, momentum, and energy
in the viscous boundary layer, whereas within the sheath
(which was assumed, a priori, to occupy a distance smaller
than one mean free path from the surface) the charged par-
ticles fall freely down the potential hill.t The change in
potential in the viscous layer was neglected. Even though
Talbot's analysis is oversimplified, the quasi-continuum model
is a more realistic one for plasmas of high ionization fraction.
A complete analysis of this problem would, however, require
a kinetic treatment. An approximate kinetic approach was
recently suggested by Wasserstrom, Su, and Probstein.13

In the present paper, we shall adopt a strict continuum
description. The restriction on such a continuum analysis
which we have mentioned previously is the same for the
present problem. It will be shown, however, that, for bodies
at floating potential, the structure of the sheath does not
enter the calculation of the heat-transfer and charged-par-
ticle distribution. Therefore the limitation mentioned is
not relevant to the calculation of these quantities. We shall
first discuss the electric field in the inviscid region for a gen-
eral flow field. Since the flow characteristics in the viscous
boundary layer are well known, the discussion concentrates
on the diffusion of the charged particles and the accompany-
ing electric potential distribution. It will be shown that,
within the viscous layer, the diffusion is ambipolar in nature,
even though the electron current is not necessarily equal to
that for the ions. The potential distribution is decoupled
from the system in the sense that it is determined after one
has obtained the solutions for the other flow variables.
The probe potential is assumed to be moderate, so that the
sheath is thin and static (though with diffusion, of course).
Finally, the stagnation probe is discussed in more detail,
and an approximate analytic current-voltage characteristic
is derived under the assumption of a very thin sheath.

II. Formulation

The governing continuum equations for the physical system
to be discussed are as follows:

+ div(pv) = 0

+ div(n«wa) = 0— —
dt\p

(1)

(2)

t The idea of putting a collision-dominated quasi-neutral
solution and a collision-free sheath together was first suggested
in 1936 by Davydov and Zmanovskaja.6
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with

and a = 1, 2,

d_
dt

= -471-60; - We)

(3)

(4)

(5)

where d' is the viscous stress tensor.
Equation (1) is the over-all continuity equation whereas

Eq. (2) is the continuity equation for each species. We shall
consider a system with three species: neutrals, ions, and
electrons. The species equations that need to be considered
will therefore be for the ions and electrons only. Equations
(3-5) are the momentum, energy, and Poisson equations,
respectively. The subscripts i and e stand for ions and
electrons, respectively, and all other symbols have their
usual meaning. The dissipative fluxes (nawa, d', q) are given
by7

r» =

re = nevft

(6a)

= -PDe Tgrad- - 7^ - gradtf.] (6b)\_ p kl p J
3 dz,,D»tI Wt/i ^t/A; •"

•ik = M I qr~ + ^r~ "~ "TT Oi-

q = — K gradT +
=l

ah<* (perfect gas){

(6c)

(6d)

The boundary conditions for p, v, T are well known. In
addition, we shall assume that the body is a perfect absorber
of charged particles, so that on the body surface na/p — 0
for a = i and e. The potential on the body is given as <t>p
with respect to the potential far ahead of the body.

We shall assume in our subsequent analysis that the net
current drawn by the body is small such that the Joule
heating J -E is negligible. The enthalpy diffusion flux in the
heat flux vector q can be simplified by writing

= (hi — (he — hg)pe'we

where the subscript g stands for the neutral gas and h is the
thermal enthalpy per unit mass. Since hi = hg and he ?>
hgj we have 2pawaha = hepewe = he'newe, where he

f = ^kT
is the thermal enthalpy per electron. We shall now assume
that the flow is frozen and that electrons and ions do not re-
combine except on the body surface. The enthalpy h in (4)
and (6d) is then taken to be thermal enthalpy only. How-
ever, in our formula for the heat transfer to the wall, h will
include both the thermal enthalpy and the ionization en-
thalpy.

We shall normalize the quantities in Eqs. (1-5) in the fol-
lowing way: length by a typical body dimension rpj ve-
locity by a typical velocity us', charged-particle density by
nsf, fluid density by ps', temperature by 2V, total enthalpy
by the typical total enthalpy per unit mass of fluid by H& =
(h + i^2)s, viscosity coefficient by jug', diffusion coefficient
by the ambipolar diffusion coefficient Da, § and' the electric
potential by kTs'/e. Then the governing equations become

div(pv) = 0 (la)

t The ion and electron temperatures T are assumed to be
equal.

§ The reason for using Da will be made clear later in the dis-
cussion of the viscous boundary layer.

d /na\ 1 (tiDar ,/na\ 1 na
P dt (j) ~ Re dlV{^ [_grad W * T 7

(2a)
where the upper sign is for ion and the lower one for electron :

= 0 (3a)dt Re

Scp (4a)

(5a)

We have used the same notation as in Eqs. (1-5). Note
that all of the quantities in Eqs. (la-5a) are now dimensionless.
The various parameters are defined as follows:

Re =

Pr =

Sc = Mo

CpfJiQ

Le =

P«CP

kT8

U8_

H8 p« w« •
where all of the quantities on the right side of each expression
are dimensional; po, MO, K, cp, and Da are local physical values
that they stand for.

The diffusion fluxes are now

rpTi |~= j)7r> = ~pDi grad
ISaUs L

1

rpre |~ ne 1 ne ~|
HeWi = TTTT' = ~pDe\ §rad~ ~ T "" grad(#)

Dari8 L P J- P J
It is reasonable to assume that the nondimensional param-

eters Sc, Pr, Le (a, /3) are all of order unity in comparison
with the two most important parameters Re and \D/TP. In
most cases of practical interest, the following inequalities are
satisfied, i.e.,

« l/Re « (7)

Both of the preceding two parameters are associated with
the relevant highest-order derivatives in our system of
equations. It is therefore expected that there will be two
singular perturbations in the problem, one for the viscous
layer, associated with the Reynolds number Re (Prandtl
boundary layer), and another for the sheath, associated with
the Debye length parameter \n/rp (Langmuir boundary
layer). Because of the inequalities,7 we see that the sheath
is imbedded within the viscous layer. Qualitatively, we can
now say that there are three distinct regions where different
physical mechanisms operate:

1) Inviscid region: Diffusion of mass, momentum, and
energy are relatively unimportant compared with convection.
Charge neutrality is maintained.

2) Viscous layer: Convection and diffusion operate
simultaneously. Charge neutrality is also maintained in this
region.

3) Sheath: Here charge separation can take place. Con-
vection is unimportant since the region is thin and adjacent
to a solid surface. Diffusion and mobility of the ions and
electrons are the main mechanisms in the sheath.
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Because of the assumption that the sheath region adjacent
to the surface is thin, we shall automatically restrict our-
selves to a moderate probe potential. If the potential is
strong enough, the sheath can be thick and the problem of
convection within the sheath has to be properly taken into
account.

III. Inviscid Region

In this region, the system of equations becomes doubly
degenerate. First the Laplacian in the Poisson equation is
neglected on the basis of the smallness of (Az>/rp)2. This
gives

i = ne 0 (8)

Next we

(9)

which is the well-known quasi-neutral solution,
drop all dissipation terms in Eqs. (1-4), i.e.,

5p/5Z + div(pv) - 0

pd/dt(na/P) =
pdv/dt + 5p/5x =

p(d/dt)(h + &*)
To this order of accuracy, the density p, mass velocity v,

and fluid enthalpy h, as well as the charged-particle density
n = Hi = ne, are determined by this degenerate set of equa-
tions. However, any information regarding the electric field
is lost from the system. This lost information can be re-
covered by subtracting the two species continuity equations
(2a) (annihilation of the dominant terms), i.e.,

diW£
(10)

With n, p, and T determined from Eq. (9), we can calculate
the electric potential in the in viscid region by means of Eq.
(10). It is obvious that the validity of (10) is independent
of the large Reynolds number assumption. It is valid as
long as quasi-neutrality is maintained J Moreover, within
the sheath, even though Ui ^ ne, since the mass velocity is
small (of the order of the ratio of the sheath thickness to the
viscous layer thickness), Eq. (10) is still approximately
valid.** Note that, after multiplying by e, the quantity
within the brackets in (10) is the conduction current. Thus
we conclude from (10) that the conduction current through a
closed surface in the flow field is zero. Within the viscous
and sheath layers the flux through a surface normal to the
wall is negligible, so that we have constancy of the conduction
current density through these layers, i.e.,

De n _ CSc
" ( '

Where C is dimensionless, it relates to the dimensional con-
duction current/ = e(T, — F») by

C(x) = [J(x)/e](Re/nd'u8
f)

and yi is the coordinate normal to the surface.
Equation (11) evaluated at the outer edge of the viscous

layer furnishes us a boundary condition for Eq. (10), i.e.,

50 pT (D D)(A ^
(12)

IT We have assumed (\D/rp)z « 1 /Re.
** Equation (10) is approximately valid within a time-inde-

pendent sheath if the convection there is negligible. Since the
convective velocity on the wall is zero, the convection within
the sheath is of the order of the thickness of the sheath.

To determine the potential in the in viscid region uniquely, we
also require 0 -> 0 at infinity, f t

In special cases such as stagnation-point flow, flow over a
flat plate, and the end wall problem in a shock tube, the
quantities n, p, and T are approximately constant in the
inviscid region. In this case Eq. (10) and the boundary
condition Eq. (12) are greatly simplified, so that the equation
for the potential and the boundary conditions becomes

50
V20 = 0

pTCSc

0 at infinity

(13a)

(13b)

(13c)

Equation (13a) had been shown by Lam3 to be appropriate
for the incompressible fluids.

The conduction current density J collected by the body is
still an unknown constant that must be determined by the
boundary conditions specified on the body surface. How-
ever, at the floating potential, / is by definition zero. It
follows then from (13a) and (13b) that in the inviscid region
0(x) == 0. It is seen that the reversal of the polarity of the
electric field in the inviscid region occurs at the floating po-
tential, in contrast to the plasma potential in the no-flow case.

IV. Viscous Layer

Within the viscous boundary layer, the dissipative terms
(with the gradient in the direction normal to the wall) are of
the same order of magnitude as the convective terms. How-
ever, quasi-neutrality is still a good approximation. In this
layer we let yi = Re~1/2y, Vi = Re~1/2v, where yi, vt are the
unstretched coordinate and velocity normal to the surface.
The governing equations after such transformation are

+ div(pv) = 0

pdt\^) = ̂ y\s^{^y\p) ' T p
p ^A~ i = ^r.

\ r j

du _ _^ _ _

5 2 / \ p / Tp

dt
M 5

A * A (VT 1
2 P dy (LeSc by G) ~-Scp newe

= ne 0

(14)

J
where wey is the electron diffusion velocity in the direction
normal to the wall.

It was pointed out in the last section that Eq. (11) is valid
within the viscous boundary layer. Such an equation gives
the relation between the charged-particle distribution and the
electric potential within the layer. As in the inviscid region,
it is a great simplification that the solution for the density
distribution of charged particles can be determined at first
independently of the electric potential. We shall see that
this is in general true, provided that quasi-neutrality is valid.

f t Equation (10) is an elliptic second-order linear partial differ-
ential equation. The boundary conditions we have specified
uniquely define a solution.
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The second of Eqs. (14) can be integrated to give

*y dc fy d /n
>J "*

1 n b<£
- - - (14a)

Similarly, for the electron continuity equation,

Sc y d < >
- - - (14b)

From the foregoing equations we obtain

2 jj ^ /n\l =
1/D. Sc <>y \p ) J ~

Sc

newei (15)

where 2/(l/D» + l/De) = 1 because of our normalization.
We conclude from Eq. (15) that

(16)
_ l_ n b0"j = _ b^ /n\

Tp*y] by \P /
u

(17)
where A and 5 are two related arbitrary constants. It is
seen from Eqs. (16) and (17) that the diffusion in the viscous
layer is essentially characterized by ambipolar diffusion. it
However, we must emphasize that the ion and electron cur-
rents are the same only when the body is at the floating po-
tential. In view of Eq. (15), we see that the Schmidt num-
ber introduced earlier should be based on the ambipolar dif-
fusion coefficient. Since the latter is of the same order of
magnitude as D;, we conclude that the thickness of the
diffusion layers (both for electrons and ions) is of the same
order of magnitude as the viscous momentum layer, i.e., of
order Re~1/z.

The constants A and B can be determined at the outer edge
of the viscous layer. We find

(18)

In the special cases such as stagnation-point flow, flat-plate
flow, or the end wall of a shock tube, b/b?/(ri/p) 1 5 = 0; then

De C(X)

De +
Similarly,

M D< n
Sc T p ~

A = -(Di/(Di + De)][C(x)/Re^}

(19)

(20)

These are essentially the currents due to the mobilities of
electrons and ions. At the floating potential, we see from
Eqs. (19) and (20) that A = B = 0.

The governing equations within the viscous layer can now
be simplified as follows:

+ div(pv) = 0

d /n\ b [~ p, bp — i - j = — — —
dt \p/ by [_Sc by

du _ ^? j_
d£ bx

b /
— Idy \

bw\
— Ib?//

[Equation (21} continued at top of next column.]

Jt Equation (15) was first obtained by Chung for stagnation-
point flow.

1 b . „ ., _
^( +~^~ —

kT X

(21)

The electric potential is obtained from Eq. (11) after this set
of equations is solved for p, n, v, and T.

Except for the constant B term in the energy equations,
Eqs. (21) are the usual boundary-layer equations for a frozen
dissociated gas.8'9 In order to make use of the usual similar-
ity transformations for the compressible boundary layer, it
is more convenient to write Eqs. (21) in their unstretched di-
mensional form. To do this we first drop the factor a,
P/kj and then replace n/Sc by pDa. The corresponding ex-
pression for the constant B term in the energy equation will
be (n5/^/J5/Ee1/2)(b/b?/i)(f kT}, where yi is the unstretched
dimensional coordinate.

We now introduce the following similarity transformation:

(22)

(2Q
j fi/i p_ ,
* Jo P8

ay

where j = 0, 1 for steady two- and three-dimensional flows,
respectively, ps, us, IJLS are functions of x alone and will be
denoted as the physical value they stand for along the edge
of the viscous layer, and r6(ic) defines the contour of the body.

Equations (21) § § then reduce to

&' (n/p),
dHs «,* [/ 1

Jy Hs d£ ^ Hs l\Pr (23)

1 nv /1 \Nf'f ' + - ( ~ - 1 J

ns'us'B (2Q1/2

Re^ ^(T»)
where

N = WL r - 1

h
(h + «/2),

Le — DC,,

H8

and the prime on /, g, z indicates differentiation with resped
to 77. Equations (23) reduce to the ordinary differentia
equations if all of the terms on the right sides of them are func
tions of 77 alone. For more detailed discussion on the condi
tions of similarity, see Ref. 8.

We recall that Eqs. (23) are obtained under the assumptioi
of quasi-neutrality. Such an assumption will break dowi
inside the sheath near the wall, where we expect a rapic

§§ Before applying Eq. (22) to Eq. (21), the latter must first b
put into dimensional form.
^ These are identical to our previous definition. For

weakly ionized gas it can be shown that both Sc and Le are c
order unity.10 For a fully ionized gas one has to use some mb
ture rule for the transport coefficient; see Ref. 11, for example
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variation in potential. Since we shall demonstrate later
that the sheath is thin, it is clear that the change in density,
velocity, and temperature across the sheath will be very
small. If we require Eqs. (23) to satisfy the boundary condi-
tions given on the wall, the error introduced in the solutions
for density, velocity, and temperature will be of order of the
sheath thickness. The difficulty, however, arises when we
try to calculate the potential distribution by means of Eq.
(11) based on a charged-particle density distribution obtained
in the foregoing fashion. In the first place, the current / can-
not be determined. Second, and more important, the electric
field becomes infinite at the edge of the sheath. This sug-
gests that, although the velocity and temperature distribu-
tions are decoupled from the system within the sheath, the
charged-particle density and potential distribution have to
be solved simultaneously. However, in the problem of a
blunt body at floating potential (/ = 0), one is interested only
in the charged-particle distribution around the body and the
charged-particle fluxes to the wall. As long as the sheath is
thin, even though it may be collision-dominated or collision-
free, the charged-particle distribution and the heat flux can
be determined with an error of order of sheath thickness by
letting Eqs. (23) satisfy the boundary conditions given on
the wall. We give the heat transfer to a floating wall as
follows:

where h^ is the ionization energy per electron ion pair,
•the case &<°>» (%)kT,

For

The zero arguments of g and z in Eqs. (24) and (24a) are re-
ferred to the edge of the sheath, which in the floating case
can be identified as the wall.

Near the solid surface, / ~ 772, /' ^ 77, z ~ 77, so that the
second equation in (23) is reduced to (N/Scz')' ~ 0. Thus

(25)

or

dn

= const

= /7 dy i^dp
l drj p2 dy

If we assume the density variation across the viscous
boundary layer to be order one* relative to the two expansion
parameters in our problem (i.e., \o/rp and Re)} then Ci dy/dy
is of order unity, whereas the second term on the right side
of Eq. (25) is of the order of n or ns/ns, where ns is the number
density of the charged particles at the edge of the sheath and
ns is that at the outer edge of the viscous layer. Thus the
size of the second term on the side of Eq. (25) is of the order
of the thickness of the sheath relative to the viscous boundary-
layer coordinate, since the charge density on the wall is
assumed to be zero. The thickness of the sheath relative
to the viscous-layer coordinate is, as we shall see shortly, of
the order of (\D/rp)2/5Re1/s. For the shock tubes we have
here in the Fluid Mechanics Laboratory at Massachusetts
Institute of Technology, \D/rp ~ 10~6 and Re ~ 103 - 104.

* The author wishes to thank the reviewer for pointing out
that the density variation might become important in the certain
problem. Consideration of the density variation will be taken
into account when we go to the stagnation-probe problem in the
next section.

Thus (\D/rp)2/3 Rellz

one:
10 ~3, and we shall neglect the second

dn/dy = F = const (25a)

This behavior of the quasi-neutral solution of the charge
density is exactly like that in the static case. We shall
identify the constant F with IV and IV as follows :

dn 1 /IV IV
(26)

where n, y are nondimensional and the latter is a stretched
coordinate, whereas ZV, ZV are dimensional.

The corresponding behavior of electric field is obtained
from Eq. (11) with J/e = Re1'2 (IV - IV) :

dy 2 \De' n8

The constants IV, IV (they are constant within the
sheath; see next section) have to be determined by the
boundary conditions on the wall through an analysis of the
sheath.

V. Charge Separation Sheath

Since we shall consider the case of moderate potential, the
charge separation sheath can be assumed to be thin.1 The
analysis within the sheath will then be similar to that given
by Cohen.2 The appropriate transformation will be

(28)

(29)

With these transformations, it can be shown that the total
fluid density, mass velocity, and temperature stay constant
throughout the sheath layer, whereas the equations of species
and Poisson's equation are

dnit e n^ =

Tw d£ '"
(30)

where the upper sign is for ion and the lower one for the elec-
tron. The solution of Eq. (30) which goes into (26) and
(27) as £ -> oo and which has Hi = ne = 0, </> = <j>p on the
wall was numerically integrated in Cohen's work.2

From the second half of Eq. (28) it is seen that the thick-
ness of the sheath is of the order of Re1/3 (\D/rp)2/s m the
viscous boundary-layer coordinate. Its value in the un-
stretched (natural) scale is Re~1/6 (\D/rP)2/*.

In the remainder of this section, we shall consider the con-
struction of the current-voltage characteristic. The probe
potential can be written as follows :

(31)

where 1 » ds
+ » ds (ds = thickness of sheath) and 1 » dv

+ »
5V (Sv = thickness of viscous layer).

A complete current-voltage characteristic will require the
solution of the electric field in all three regions. Even though
we have shown the different simplifications available in all
three regions, the resulting equations in general still defy a
closed-form solution. It should be noted, however, that there
is a singularity at the joining place of the viscous and sheath
layers. From Eq. (26) we have

n = -iO'e + ji}(y - 5) as y -* 8 (32)

where je,i — T'6ti rp/D'e, » n&', and 5 is a constant of order
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.l Using Eq. (32) in (27) we find the-singular
behavior as

( *P \ 3e Ji •*• w n 5- n /oo\jr I = — ~—;—: — as f -> 0 (33)«f A je + j; r
where f = 2/ — 5. The potential equation in term of f is

Ss-Re1/2 /<i(/>\

-. U)

(34)

where by our definition we can choose (\D/TP)*IZ Re11* <$C
ds

+Re112 <3C 1. Because of the singularity shown in Eq. (33),
the leading contribution of the right side of Eq. (34) is the
coefficient of Eq. (33) multiplied by the logarithm of the
thickness of the sheath 8S. This is easily seen as follows :

f *™" % d^f fj.-«.+£<i» V#A J \ < #
where the integral on the right is the finite part of the integral
on the left, and

€

-5

Thus

= f*fri>/ri>')~*'"Rel'* (d*t>\ -ft =
"" J-5(XD./rP)-2/3£ei/6 \d£/a

 ? ~

— 1 TiV-1/6

Tw In 0(1) (35)

The term designated by 0(1) includes the entire contribu-
tion in the inviscid region and the remaining contribution in
the viscous and sheath layers.

VI. Stagnation Probe

In the neighborhood of the stagnation point of a body,
one can assume that the quantities n, p, and T are approxi-
mately constant in the inviscid region. The solution of the
electric field is then governed by Eq. (13a) subject to the
boundary conditions (13b) and (13c). Under the conven-
tional approximation of stagnation flow (flow impinging on
an infinite plane), no solution is satisfied by Eq. (13a) subject
to the boundary conditions unless 1) / = 0, i.e., for a floating
body, in which case the electric field in the inviscid region is
identically zero; and 2) the body is floating except for a
small but finite current element located at the stagnation
point. Such an arrangement is of great practical interest.
In what follows we shall consider this problem.

We shall make the current element mentioned in the fore-
going small enough such that the usual stagnation-flow as-
sumptions can be applied to such an element. However, the
element is considered to be much wider than the boundary-
layer thickness, so that the electric potential distribution is
essentially one-dimensional within the boundary layer. The
solutions for the ordinary flow properties are well known.
From Eqs. (13) the electric potential in the inviscid region
is now given by the following equation and boundary condi-
tions :

= 0

aT8
y, (D/ + Di')',

= 0
0 —> 0 at infinity

1_ J
^s e

for r < 1

r > 1 j

where y = 0 is the outer edge of the viscous layer, and where
the current element is taken to be a circular disk of radius

a. We are not very interested in the detailed potential dis-
tribution in the half-space yi > 0. The only information re-
quired for the construction of the current-voltage character-
istic is the value of the electric potential on the element y = 0
and r < 1. .

The solution for the potential is given simply by the poten-
tial distribution resulting from a charged disk of surface
charge density

Ey I JkT8
D.' +

Assuming the variation of the potential across the disk to
be small, which assumption is reasonable provided the viscous
layer is thin and much smaller than the dimension of the
current element, then we need only calculate the potential
at the origin. The potential distribution along the y axis
is given by

0" I ^TT J AD r / n , n \ , / « i

over the /0^\
disk (36)

and (kTs/e)<t>s(y = 0, r = 0) = -47r \D*aJ/(De + Di).
At the floating potential J = 0, so that 05 = 0 and <£ = 0

in the inviscid region. For <£ < <£/, J = Jt- — /e > 0, and
by Eq. (36) we have 0s < 0. The potential in the inviscid
region is then negative. For potentials slightly above the
floating, we see that <ps > 0. Since the field is zero for the
floating potential, the reversal of polarity of the electric field
in the inviscid region occurs at the floating potential instead
of the plasma potential as in the case of the static plasma.

Within the viscous layer, the flow field is governed by
Eqs. (23) with the following assumption9:

/'» - P8/P ~ Of ^ 0

d(n/p)8/d£ = dHs/d% = 0
The last two terms in the energy equations of (23) are due

to the electron diffusion flux. Under the stagnation-flow
assumption, they have a similarity property. The solutions
for the velocity and temperature are solved in the usual
fashion, i.e., one ignores the existence of the thin sheath b;y
applying the wall conditions for the velocity and tempera-
ture to the first and third equations of (23). This procedure
is not possible for the second equation of (23) because of th(
divergence of the electric field. For stagnation flow, Eq
(25) is valid throughout the viscous layer. However, as
was mentioned before, the constants IY, IY must be deter
mined by an analysis of the sheath. Once the charged-par
ticle distribution inside the viscous layer is solved, the electri
field is then calculated by the use of Eq. (11). Together wit]
the electric field in the sheath, the current-voltage character
istic is given by Eq. (31). A complete solution can be o"b
tained only through a detailed numerical computation (bot
in the viscous and the sheath layer). However, as indicate
in Eq. (35), the leading behavior of the current-voltag
characteristic can be obtained analytically if we can solv
for the ratio (je — j i ) / ( j e + ji). To give an idea of the a<
curacy of (35), we take \D/rp = 10~5, Re = 104. The rel*
tive error by neglecting the terms of order unity is then aboi
10%. From our definitions of je, ji, and /, we can prove iht

ZV - D.' 2a J
je+ji ZV + ZV ftfeRe'/W + ZV) ji + j,

Thus, the current-voltage characteristics (35) become

[»•' - D< - -LA/ + DS TW e1/6]] (3

t For a discussion of this approximation, see Ref. 12.
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where De', ZV take the values on the surface of the body.
From Eq. (26) we see that the quantity — |(je + j^) is the
charged-particle density gradient near the solid surface given
by the quasi-neutral solution. To within an error of the
order of the sheath thickness, one can obtain this slope by
forcing the density equation to satisfy the boundary condi-
tion at the wall. For a complete determination of the
density gradient, one has to solve Eqs. (23) simultaneously.
However, if we assume that N and Sc are constant throughout
the viscous layer, together with the stagnation approxima-
tions given earlier, we obtain from the first two equations in
(23)9

= 0.47 (38)

where N and Sc are evaluated at the wall.
So far we have not considered the density variation across

the viscous boundary layer. For the constant stagnation
flow, it can be shown from Eq. (22) that drj/dy ~ p/p8. At
the edge of the sheath drj/dy ~ Ps/Ps, where ps, p8 are the densi-
ties at the edge of sheath and viscous layer, respectively. If
this quantity is not of order one, the order of magnitude of
the thickness of the sheath and the number density of the
charge particles at the edge of the sheath will include the
factor ps/pg. These can be found as follows. From the first
expression of (25), we have at the edge of the sheath that
£ = Ci yss or

if]Ss (39)

where TJ?S is the thickness of the sheath in 77 coordinate.
Poisson's equation in the rj coordinate is

ps/ dv'
= ne — (40)

Within the sheath we introduce rj = 77 ̂ s£. Using Eqs.
(39) and (40), we find the thickness of the sheath in 77 coor-
dinate as

1/3

ps

In order that Eq. (25a) will be valid, one requires that (\z>/
,)2/3 7fe1/3 (ps/ps)4/3 be small compared with unity. Using
D/rp ~ 10~6, Re ~ 103 - 104 ps/ps — 10 — 102, one finds

To find the current-voltage characteristic, we first obtain
the value of je + ji through the use of Eqs. (22, 26, and 38),
i.e.,

1 0
- 2 -0'. + .? , • )=-

In obtaining this we have used u8 = /3x and set ps = pwj the den-
sity on the wall. The cur rent-voltage characteristic is then
given explicitly as

_o_ =OA7ScU'-(pv\
n8De N"* \pj X

-1 + Tw ln[(a/Az>)2/3

where the argument of the natural logarithm is the order of
the thickness of the sheath in the unstr etched coordinate.
The density factor is also included. Tw is the wall tempera-
ture normalized by the temperature at the edge of the viscous
layer. It should be noted that the preceding formulas are
valid only within the floating and the plasma potentials.
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